Abstract-The FDTD method builds a problem space out of finite sized Yee cells. The interfaces between heterogeneous materials can be treated in different ways. This paper investigates ways of calculating the effective permittivity and conductivity at dissimilar tissue interfaces. Both homogeneous and anatomically realistic heads are considered. Importantly, this paper finds that whilst the effects of the different averaging techniques are small for homogenous heads they are significant with anatomically realistic heads. The effects are particularly apparent if internal structures in the head are near resonance. The paper shows that the choice of averaging technique has an impact on results and therefore should be explained as a parameter of the simulation technique. Data for 0.9, 1.5 and 1.8
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For the full text of this licence, please go to: http://creativecommons.org/licenses/by-nc-nd/2.5/ INTRODUCTION The study of interactions between biological material and the energy generated by personal communications devices is currently topical. The Finite-Difference Time-Domain (FDTD) model is the most common computational tool used to investigate bioelectromagnetics [1] . Two texts on FDTD are
[2] [3] . The problem space in the FDTD grid is composed of many Yee cells [4] of finite size, this allows heterogeneous objects of complex shape, such as the human head, to be modelled. The electric and magnetic field components are interwoven in space and lie on the edges of the Yee cell. This results in uncertainties when the field component needs to be calculated at the interface between different materials [5] . Both the conductivity and permittivity at the interface need to be given values to calculate the FDTD equations. Taflove [2] reviewed the area of modelling curved surfaces. This is -2 -done by using a volume weighted average of the permittivity and the conductivity in Yee cells which are cut by a dielectric interface. The author of [2] considered this simple technique to be better than simple stair-casing techniques. However, this is generally not possible when applied to an anatomically realistic human head, as the data is only provided in finite size cuboids [6] [7] [8] . This is because the imaging process converts the continuous human body into discrete finite sized voxels of data.
Wainwright [9] noted that MRI scans have difficulty distinguishing between two different tissues and a composite material may be used that has intermediate properties.
There is little coverage of the topic of averaging dielectric properties at heterogeneous interfaces in the literature despite there being a vast number of FDTD papers. Many landmark journals [8] [10] [11] [12], that investigate the energy absorbed in the head from a mobile device, do not mention the treatment of inhomogeneous dielectric boundaries.
Several journals have considered the problem of dielectric interfaces between Yee cells and a review of the area shows that different techniques have been considered. Nadobny [13] stated that the averaging of material properties at interfaces between neighbouring media often leads to significant errors. He proposed a post processing method, which approximates the correct field behaviour at the interfaces by interpolating between the calculated FDTD values. The errors have been calculated [14] for different methods of modelling dielectric interfaces, when applied to microwave circuits. Popovic [15] and Celuch-Marcysiak [14] both stated that, at the interface the dielectric properties are often arbitrarily assigned to either material. Zhang [16] concluded that the interface required special treatment and proposed using an effective permittivity calculated as the arithmetic average of the properties of the two materials. Railton [17] and Reineix [18] also used arithmetic averaging of the permittivity for the simple interface of two layers with zero conductivity. Hwang [19] states that three methods of calculating the effective permittivity are in use; arithmetic, geometric and harmonic means. The accuracy of the three techniques depended on the cell size. Hirono [20] also used both arithmetic and harmonic averages of the permittivity at the interface. Again the accuracy depended on the cell size.
Hwang [19] and Hirono [20] considered the interface of two dielectric materials when the interface was offset from the edge of the Yee cell. They both considered that the arithmetic mean value of the permittivity should be used for the electric fields tangential to the interface, and the harmonic mean should be used for the electric fields normal to the interface. -3 -The literature generally discusses the averaging of the permittivity, however, there is little mention of the effective conductivity. Although, Marrocco [21] assumed the conductivity could be treated in the same way.
The averaging method at material interfaces is particularly relevant to the modelling of human heads.
As the data is generally provided as cuboids of tissue, hence conformal methods of modelling curved surfaces can not usually be used.
The human head is comprised of tissues that have a conductivity, and is therefore more complex than other FDTD applications which model interfaces between objects with zero conductivity. The human head is a complex heterogeneous object comprising many tissues with many different interfaces. Thus, it is particularly important that these interfaces are modelled correctly or at least that the researchers declare which technique has been used.
II. DESCRIPTION OF MODEL
For our comparisons we have used an independent 3D FDTD code has been written; see Taflove [2] for an excellent reference. Perfectly Matched Layers (PML), with geometric grading [22] , absorbing boundary conditions are used to terminate the grid. The PML is eight cells thick and is positioned ten cells from the head. The FDTD grid size was 174x140x140 cells in the X, Y, and Z dimensions. The tissues are assumed to be non-magnetic and hence the averaging of the permeability and the magnetic resistivity have not been considered. The ability to change the averaging procedure was critical to these results and therefore commercial software was not used in this work. However the code used here has been fully validated [23] .
A. Plane Wave Source Irradiation
A plane wave is injected into the grid using the total field / scattered field approach [2]. This produces a Z polarised plane wave propagating in the X direction (from the nose to the rear of the head). See Fig.   1 for orientation of the axes. The power density used was 50W/m², the maximum permissible exposure limit for controlled environments [24] [25]. This is the power density used in a closely related paper by Hirata [26] . Note that the maximum permissible exposure limit for the general public is 10W/m² [24] , and results in this paper can be scaled accordingly.
B. The Head Model
A head matrix based on The Visible Human was provided by Brooks Air force [6] was used. The head, which is based on photographs and MRI data, is that of an adult male and has twenty-five tissue types.
The data is available at both 1 and 2mm resolutions. This model is popular and has been used by many researchers. Fig. 1 shows a cross section of the 2mm head, through the centre of the eye. The layers of fat, muscle and skin in front of the eye can be seen which make up the eyelids. The size of the Yee cell was 2mm
and equal to the resolution of the head data. The lowest number of cells per wavelength was always greater than ten, and reasonable results have been obtained with only four [27] . Although, the Brooks head is not exactly symmetric, a line of symmetry, in the Y direction, has been included in this model to save memory and computational time. This was achieved by replacing the mid-plane of the grid with a magnetic wall [26] , and thus assuming the other half of the head is identical. N.B. The dielectric properties are calculated with aid of the 4-Cole-Cole extrapolation [29] and are frequency dependant. The densities of the different materials are the same as used by Mason [30] .
The SAR is calculated with the twelve-field approach as used by Caputa [31] . This method places all the electric field components at the centre of the voxel. Caputa believed that this method was better than the six-component method as the power distribution is defined at the same location as the tissue mass. The six-component method places the electric field components at the corner of eight cells and the conductivity at this point can be either averaged from the eight surrounding cubes or the maximum value can be used [32] . 
Where ε* is the new effective permittivity and ε1,2,3,4 is the permittivity in each of the fours cells at the interface. Note that all three formulae give the same answer when the average is taken over four homogenous cells. If the tissues are not homogenous then the arithmetic mean produces the highest value, followed by the geometric mean, while the harmonic mean provides the lowest value of the effective permittivity at the interface of the four heterogeneous Yee cells. The same formulae can be applied to the effective conductivity σ*. However, at an air / tissue interface, the conductivity of air is zero, and both the geometric and harmonic means do not produce a finite value. Therefore, the air / tissue interface must be treated as a special case for geometric and harmonic averaging techniques. Ten possibilities are considered and are listed in Table 1.
Note that the "No averaging" technique does not use averages of the permittivity or the conductivity for the air / head interface but instead uses the electrical properties of the head at the node at the interface. For the case of the anatomically realistic head, the properties of skin are used at the surface.
However, the tissue interfaces inside the anatomical head are more complex, and instead of arbitrarily choosing the electrical properties at the interface from one of the four surrounding Yee cells, the internal effective properties are calculated as the arithmetic mean. Thus, the difference between the "Average" and the "No averaging" techniques is the treatment of the effective properties at the air / head interface.
III. RESULTS
Initially, the different averaging methods were applied to a homogeneous sphere of muscle illuminated by a plane wave at 2.06GHz [33] . The relative permittivity of the sphere was 55.57 and the conductivity was 2.25S/m. The sphere had a diameter of 0.066m. The SAR, into the sphere, is normalized to the input power density and is compared to the Mie series [34] . The results of the different averaging techniques are shown in Fig.2 .
The largest SAR value, with all the averaging techniques, is at the centre of the sphere. The order of the maximum SAR (from lowest to highest) is Harmhead, Geohead, Harmhalfskin, No averaging, Geohalfskin, Harmavcon, Geoavcon and the highest SAR is using the Average method. Note, that for the homogenous sphere, Geoavcon and Geopermavcon are the same. As the sphere is homogeneous the only difference in the averaging process is at the surface, this explains why there is little variation in the SAR levels with the different techniques and concludes to maximal ranges of SAR at interfaces between dissimilar materials. Therefore, by applying these techniques we have been able to compare their results with the Mie series that has an exact theoretical value.
Next, the effects of the different averaging techniques were applied to an anatomically realistic head. A 50W/m² plane wave excitation was used as the incident source. The plane wave is travelling in the X direction from the nose to the back of the head. The frequency of excitation is 1.8GHz. At dielectric interfaces, both the permittivity and conductivity are averaged. Fig.3 shows results of the SAR along the X axis through the centre of the eye. The plots show two peaks, one at the interface between the eyelid and the eye and a larger peak at the centre of the eye, at X=0.018m. The effects of the different averaging techniques are more significant at the second peak at the centre of the eye. Hirata [35] showed that a peak in the SAR at the centre of the eye is due to the eye resonating due to its geometric shape. -7 -normalisation to the mean of the ten methods shown in this paper. Also note that no data exists as to which of the averaging methods is currently the most popular. Fig.4 shows the SAR through the eye of the Brooks head at 1.8GHz, varying only the averaging of the permittivity. Geometric, harmonic and arithmetic averaging is used for the permittivity. The arithmetic mean is used for all three cases for the conductivity at the dielectric interfaces. Thus, the results in Fig.4 demonstrate the differences to the SAR in the eye when the averaging of the permittivities at the interfaces are varied. The variation in the effective permittivity at tissue interfaces caused changes to the amplitude of the SAR levels in the eyelid. However, there is little variation in the amplitude of the SAR at the centre of the eye. The location of the maximum SAR in the eye is altered, with lower effective permittivity (harmonic) causing the maximum SAR to move closer to the surface of the eye. Fig.4 does not show the large variation in SAR at the centre of the eye found in Fig.3 . Therefore, the variation in the SAR in the eye, due to changes in the resonance of the eye, is mainly due to the effective conductivities used at the interfaces and the effective permittivities are less significant.
The results in Fig.3 and Fig.4 , show the variation in SAR due to the averaging method applied to an anatomically realistic head. However, these results only show the SAR in individual voxels, and these voxels are very small and are sensitive to change. Table 2 shows results of the SAR averaged over 1g, 10g and over the whole eye. Note the eye in this model has a mass of 8.37g. The 1 and 10g volume averages use cubic volumes of tissue. The range of volume averaged SAR results in Table 2 is less dependent on the averaging technique than the sensitive individual voxel results. However, the changes are still significant. The maximum SAR averaged over 1g varied by 53%, the 10g SAR varied by 64% and the SAR averaged over the eye varied by 58%. For each of the three criteria the highest volume averaged SAR is found when using "Harmavcon". This uses the harmonic mean to calculate the effective conductivities and permittivities. At the air / tissue interface the effective conductivity is calculated using the arithmetic average of the conductivities of the surrounding cells. Therefore, the highest SAR values were found when the lowest effective conductivity was used. Note, that an averaging technique that produces a higher SAR averaged over 1g, does not necessarily increase the SAR over 10g or averaged over the whole eye. This corroborates the results found in Fig.3 that showed that the averaging technique that produced the highest SAR at the eyelid, did not produce the highest SAR at the centre of the eye.
Further investigations into the different averaging techniques have been applied to the anatomically realistic head at 1.5GHz, the frequency used for mobile devices in Japan. These results are shown in Fig.5 . The results are similar to those at 1.8GHz shown in Fig.3 . The different averaging techniques cause significant differences to the SAR levels through the centre of the eye. Again, the eye resonates at this frequency and differences to the modelling of the tissue interfaces affect this resonance. The range of SAR at the centre of the eye varied by approximately 100% with the different averaging techniques applied at tissue interfaces.
The results at 0.9GHz are shown in Fig.6 . At this frequency, the eye in the model does not resonate and the figure shows that there are two approximately equal peaks, one near the surface of the eye and a second peak at the centre of the eye. Although, the differences due to the different averaging techniques are smaller at this frequency, they are still significant. As the eye is not near resonance, the differences in the modelling of the tissue interfaces are less significant.
IV. CONCLUSIONS This paper has investigated various possible methods of modelling material interfaces using the FDTD
technique. This has been done by assigning effective permittivities and conductivities to the electric field nodes at the tissue interfaces. Results have shown small differences for a homogeneous sphere.
However, much larger variations were found when these different effective values were applied to the tissue interfaces of an anatomically accurate human head. The value of the effective conductivity was found to be more significant than the effective permittivity. The effects of modelling the tissue interface may be particularly significant at frequencies when internal structures in the head, such as the eyes, may be resonant, as the resonance is sensitive to changes in the model. the averaging technique at air / metal interfaces has negligible effect. This is because the conductivity of metal is many orders of magnitude greater than the conductivity of human tissues.
In many situations, which may have few materials, the choice of averaging technique is less important.
However, in the human head with many dissimilar tissue interfaces this is not the case. A suitable solution to the problem is to use arithmetic averaging for both the effective conductivities and permittivities. This allows a smooth transition between heterogeneous materials. It also allows consistency between the calculations of the effective conductivity and permittivity. Note, the effective values can be stored in look-up tables and do not need to be recalculated. This means the different averaging techniques cause negligible differences to the computer runtimes.
The SAR equation includes the conductivity and the density of the tissue and the square of the electric field. In this paper, we have calculated the SAR by averaging the12 electric field components that surround the Yee Cell and then using the conductivity and density at the centre of the cell. An alternative approach would be to use the average SAR values calculated at the edges of the grid using the different effective conductivities and densities at the edges of the cell. In heterogeneous bodies these two techniques would produce different results. Fig. 4 . The SAR through the centre of the eye of the Brooks head at 1.8GHz using different averaging techniques for the effective permittivity at tissue interfaces. Note, the effective conductivity has been calculated using the arithmetic mean of the fours surrounding tissues for all three lines. Results are normalised to the maximum of the 'Average' case. 
